Abstract. In this paper, it is proved that all irreducible Harish-Chandra modules over the Q Heisenberg-Virasoro algebra are of intermediate series (all weight spaces are 1-dimensional).
Definition 1.1. Suppose that G is an additive subgroup of C. The generalized Heisenberg-Virasoro algebra HVir[G] is a Lie algebra over C with a basis: {d g , I(g), C D , C DI , C I |g ∈ G}, subject to the Lie brackets given by: The modules of intermediate series V (α, β; F ) over HVir [G] are defined as follows for every α, β, F ∈ C. As a vector space over C, V (α, β; F ) has a basis {v g |g ∈ G} and the actions are:
It is well known that V (α, β; F ) ∼ = V (α + g, β; F ) for any α, β, F ∈ C and g ∈ G. So we always assume that α = 0 when α ∈ G. It is also easy to see that V (α, β; F ) is reducible if and only if F = 0, α = 0, and β ∈ {0, 1}. The module V (0, 0; 0) has a 1-dimensional submodule T and V (0, 0; 0)/T is irreducible; V (0, 1; 0) has codimension 1 irreducible submodule. We denote the unique nontrivial irreducible sub-quotient of V (α, β; F ) by V ′ (α, β; F ). It is easy to see that
. Our main theorem is the following: Theorem 1.2. Suppose that V is an irreducible nontrivial Harish-Chandra module over HVir [Q] . Then V is isomorphic to V ′ (α, β; F ) for suitable α, β, F ∈ C.
The paper is organized as follows. In Section 2, we collect some known results on the Virasoro algebra and on the Heisenberg-Virasoro algebra for later use. In section 3, we give the proof of the main theorem.
Preliminaries.
Since generalized Heisenberg-Virasoro algebras are closely related to generalized Virasoro algebras, we first recall some results on generalized Virasoro algebras.
Definition 2.1 Let G be a nonzero additive subgroup of C. The generalized Virasoro algebra Vir[G] is a Lie algebra over C with a basis: {d g , C D |g ∈ G} and subject to the Lie brackets given by: A module of intermediate series V (α, β) has a C-basis {v g |g ∈ G} and the Viractions are:
It is well known that V (α, β) is reducible if and only if α ∈ G and β ∈ {0, 1}. The
for any α, β ∈ C and any g ∈ G. So we always assume that α = 0 if α ∈ G.
Mazorchuk [Ma] classified irreducible Harish-Chandra modules over V ir [Q] :
Now we consider the Q Heisenberg-Virasoro algebra HVir [Q] , which contains a classical Heisenberg-Virasoro algebra HVir[Z] = HVir. The classification of irreducible Harish-Chandra modules over HVir was given in [LZ] : Theorem 2.3. Any irreducible Harish-Chandra module over HVir is isomorphic to either a highest weight module, a lowest weight module, or
3. Proof of Theorem 1.2.
We decompose Q as the union of a series of rings 
Lemma 3.1. Suppose that N is a finite dimensional irreducible U (Q) 0 -module, then there is some k ∈ N such that N is an irreducible U (Q k ) 0 -module.
Proof. There is an associative algebra homomorphism Φ: U (Q) 0 −→ gl(N ), where gl(N ) is the general linear associative algebra of N .
Since N and hence gl(N ) are both finite dimensional, then U (Q) 0 / ker(Φ) is finite dimensional. Take y 1 , y 2 ,. . . , y m ∈ U (Q) 0 such that y 1 , y 2 , · · · , y m become a basis of U (Q) 0 / ker(Φ). Then there is some k ∈ N such that y 1 , y 2 ,. . . , y m are all in U (Q k ) 0 .
We claim that N is an irreducible U (Q k ) 0 -module. Let M be a proper U (Q k ) 0 -submodule of N . For any y ∈ U (Q) 0 , there is some y 0 ∈ ker(Φ) and a i ∈ C, such that
Now we fixe a nontrivial irreducible Harish-Chandra module V over HVir [Q] . Then, there exists some α ∈ C such that V = q∈Q V q , where
We define the support of V as supp V = {q ∈ Q|V q = 0}.
Particularly, V is a uniformly bounded module, i.e., the dimensions of all weight spaces are bounded by a positive integer.
Suppose that dim V q > 1 for some q ∈ supp V . Then it is easy to see that V q is an irreducible U [Q] 0 -module. By Lemma 3.1, there is some k ∈ N such that V q is an irreducible U (Q k ) 0 -module.
We consider the HVir[Q k ]-module W = U (Q k )V q , which is uniformly bounded. Then by Theorem 2.3, there is a composition series of HVir[Q k ]-modules:
is either trivial or of intermediate series, and in both cases all nonzero weight spaces are 1-dimensional.
But on the other hand,
Since V is nontrivial, we must have some q ∈ supp V \ {−α}. Our result follows since dim V p = dim V q = 1, ∀ p ∈ Q \ {−α}. Now we can give the proof of our main theorem:
Proof of Theorem 1.2. By Lemma 3.2, we know that supp V = Q for some α ∈ C or supp V = Q \ {−α}. Denote V (0) = 0 and
We have a vector space filtration of V :
It is clear that each V (k) can be viewed as an HVir[Q k ]-module, and each HVir[Q k ] is isomorphic to HVir.
is irreducible over HVir[Q k ] for any k ∈ Z by Lemma 3.2 and Theorem 2.3.
If −α ∈ supp V , we have assumed that α = 0 in this case. Then we have u p ∈ U (HVir[Q]) p and u q ∈ U (HVir[Q]) q for some 0 = p, q ∈ Q such that u p V 0 = V p and
acts as a scalar F ∈ C, and that there are some
If F = 0, V is an irreducible Vir(Q)-module and I(p)V = 0 for any p ∈ Q. Theorem 2.1 follows from Theorem 2.2. Next we assume that F = 0. Now we need to prove that V ∼ = V ′ (α, β; F ) as modules over HVir [Q] , i.e., we can choose a basis of V such that (1.5) and (1.6) hold. We proceed by choosing a basis of each V (k) inductively, such that (1.5) and (1.6) hold when one only consider the actions of HVir[Q k ], and that the basis of each V (k+1) is the extension of the basis of
Naturally, we have such a basis for V (k 0 ) . Now suppose that we have such bases for
Then V (m) can be viewed as an HVir module via Φ and is isomorphic to V (α ′ , β ′ ; F ′ ) as modules over HVir for suitable α ′ , β ′ , F ′ ∈ C, by Theorem 2.3. Then there is a basis {v 
